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Abstract
We determine the group of all weight-preserving linear automorphisms of finite-dimensional
vector spaces over a finite field equipped with crown weight.
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1. Introduction
One of the basic problems in coding theory is to find a linear code over the finite field
Fq of given length and dimension having the maximum possible minimum distance. In an
attempt at further generalizing Niederreiter’s generalization [4–6] of this basic problem,
Brualdi et al. [1] were led to introduce the notion of poset-weight, poset-metric and a
poset-code.
The vector space Fnq over Fq equipped with a P-weight wP (cf. Section 2 for details)
will be called a P-weight space and is denoted by (Fnq , wP ). Further, the automorphism
group of (Fnq , wP ) (i.e., the group of all linear automorphisms of Fnq preserving wP ) is
denoted by Aut(Fnq , wP ).
A special instance of a P-weight space is the Rosenbloom–Tsfasman space in [7],
which corresponds to the poset P consisting of a finite disjoint union of antichains of
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equal lengths. As to the automorphism group of Rosenbloom–Tsfasman space, in [2,8]
Skriganov defined some natural automorphisms of the space and asked if they generate the
full automorphism group of the space. That this was so was answered in [3].
In this paper, we study the crown-weight space (i.e., the space (F2mq , wCR), for the crown
CR = CR2m (cf. Fig. 1)) and determine the structure of Aut(F2mq , wCR). Let Dm denote the
dihedral group of order 2m. Then we will show that
Aut(F2mq , wCR) ∼=
[
Dm θ (F×q )2m
]
π F
2m
q ,
for some suitable homomorphisms
θ : Dm → Aut
(
(F×q )2m
)
,
and
π : Dm θ (F×q )2m → Aut(F2mq )
(cf. Theorem 4.1).
2. Preliminaries
Let Fq be the finite field with q elements. Then, for u = (u1, . . . , un) ∈ Fnq , the support
of u and the Hamming weight of u are, respectively, given by
Supp(u) = {i | 1  i  n, ui = 0},
w(u) = |Supp(u)|.
Let P be a poset on the underlying set
[n] = {1, 2, . . . , n}
of coordinate positions of vectors in Fnq . Then, for any such poset P , the P-weight wP(u)
of u ∈ Fnq is defined in [1] to be
wP (u) = |〈Supp(u)〉|,
where 〈Supp(u)〉 denotes the smallest ideal containing Supp(u) (recall a subset I of [n]
is an ideal if a ∈ I and b < a implies b ∈ I ). Then one shows that wP (u)  0 with
equality if and only if u = 0 and wP(u + v)  wP (u) + wp(v), for every u, v ∈ Fnq , i.e.,
dP(u, v) = wp(u − v) is a metric, called the P-metric.
The space Fnq equipped with wP , denoted by (Fnq , wP), is called the P-weight space. If
P is an antichain, wP = w is the Hamming weight and (Fnq , w) is the Hamming (weight)
space. By a linear automorphism of Fnq preserving wP we mean a nonsingular linear map
τ : Fnq → Fnq satisfying wP(τu) = wP (u), for all u ∈ Fnq . Such a linear automorphism
may be simply called an automorphism of (Fnq , wP ). The group of all such automorphisms
will be denoted by Aut(Fnq , wP ).
From now on, CR = CR2m will denote the crown in Fig. 1. Explicitly, CR = CR2m is
the poset whose underlying set and order relations are given by
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Fig. 1. Crown CR = CR2m .
[2m] = {1, 2, . . . , 2m − 1, 2m},
1 < m + 1, 1 < 2m, and i < m + i, i < m + i − 1, (2.1)
for each i = 2, 3, . . . , m.
In this paper, we study the automorphism group Aut(Fnq, wCR), and determine its
structure. In general, it seems that it is an interesting problem to determine the structure of
Aut(Fnq , wP ), for a given poset P .
Let δ be the Kronecker delta function on Fq , so that, for x ∈ Fq ,
δ(x) =
{
1, if x = 0,
0, if x = 0.
Then, by inspection, one notes that the CR-weight wCR(u) of u ∈ F2mq is given by the
following formulas.
Proposition 2.1. Let CR = CR2m be the crown with 2m elements (cf. Fig. 1). Then, for
u = (u1, . . . , u2m) ∈ F2mq , its CR-weight wCR(u) is given by either (a) or (b) of the
following:
(a)
wCR(u) = w(u) + δ(u1)(1 − δ(um+1)δ(u2m))
+
m∑
j=2
δ(u j )(1 − δ(um+ j−1)δ(um+ j )),
(b)
wCR(u) =
m∑
j=1
(1 − δ(um+ j )) + (1 − δ(u1)δ(um+1)δ(u2m))
+
m∑
j=2
(1 − δ(u j )δ(um+ j−1)δ(um+ j )).
Here w(u) denotes the Hamming weight of u.
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Proof.
(a) 〈Supp(u)〉−Supp(u) consists of those i (1  i  m) with ui = 0 such that either um+1
or u2m is nonzero for i = 1 and either um+i or um+i−1 is nonzero for i = 2, . . . , m
(cf. (2.1)).
(b) This follows from (a) together with the simple observation
w(u) =
2m∑
j=1
(1 − δ(u j )). 
3. Determination of Aut(F2mq ,wCR) as a set
Let B = {e1 = (1, 0, . . . , 0), e2 = (0, 1, . . . , 0), . . . , e2m = (0, . . . , 0, 1)} be the
standard basis of F2mq , and let CR = CR2m denote the crown shown in Fig. 1 (cf. (2.1)).
In this section, as a set we determine Aut(F2mq , wCR) of which elements are expressed as
matrices relative to the standard basis B of F2mq .
The next three lemmas give us necessary conditions that are satisfied by φ ∈
Aut(F2mq , wCR).
Lemma 3.1. Let φ ∈ Aut(F2mq , wCR). Then, for each i ∈ [m] = {1, . . . , m},
φ(ei ) = ai eρ(i)
for some ρ(i) ∈ [m] and some nonzero ai in Fq. The assignment i → ρ(i) is a permutation
in Sm.
Proof. By the CR-weight preservation, for any i ∈ [m], φ(ei ) = ai eρ(i) for some ρ(i) ∈
[m] and ai = 0. Now, we suppose that ρ(i) = ρ( j) = k with i = j , and let φ(ei ) = ai eρ(i)
and φ(e j ) = a j eρ( j ). Then,
φ(a j ei − ai e j ) = a jφ(ei ) − aiφ(e j )
= a j ai eρ(i) − ai a j eρ( j )
= a j ai ek − ai a j ek
= 0.
Now, wCR(a j ei − ai e j ) = 2, but wCR(φ(a j ei − ai e j )) = wCR(0) = 0, which is a
contradiction. So, ρ must be a permutation on [m]. 
The dihedral group Dm of order 2m is generated by two permutations σ = (12 · · · m)
and
τ =
(
1 2 3 · · · m − 1 m
1 m m − 1 · · · 3 2
)
in Sm , so that
Dm = 〈σ, τ | τσ = σ−1τ 〉
= {σ kτ l | k = 0, 1, . . . , m − 1, l = 0, 1}.
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We agree that the binary operation in Sm (and hence also in Dm ) is defined in such a
way that µρ(k) = µ(ρ(k)), for k ∈ {1, . . . , m}, i.e.,
µρ = µ ◦ ρ (µ, ρ ∈ Sm).
In the following lemma and below, some indices should be understood modulo m. These
results follow from the structure of the crown CR = CR2m .
Lemma 3.2. Let i ∈ [m]. If φ ∈ Aut(F2mq , wCR), then
φ(em+i ) = a′i em+ρ(i) + bi eρ(i) + b′i eρ(i)+1
for some a′i ∈ F×q and bi , b′i ∈ Fq , where ρ is a permutation in the dihedral group Dm of
order 2m.
Proof. We note that, by the CR-weight preservation, φ(em+i ) can be either of the form
a′i em+ρ(i) +bi eρ(i) +b′i eρ(i)+1 for some ρ : [m] → [m], a′i ∈ F×q , and bi , b′i ∈ Fq or of the
form a j e j +akek +alel with distinct j, k, l ∈ [m] and a j , ak, al ∈ F×q . But, by Lemma 3.1
and an argument similar to its proof, as φ is a bijection,
φ(em+i ) = a′i em+ρ(i) + bi eρ(i) + b′i eρ(i)+1
and ρ is a permutation in Sm . Furthermore,
ρ(i + 1) = ρ(i) + 1 or ρ(i + 1) = ρ(i) − 1.
Assume on the contrary that |ρ(i + 1)−ρ(i)|  2. Then wCR(φ(em+i + em+i+1)) = 6.
Since wCR(em+i + em+i+1) = 5, this is a contradiction to the weight preservation of φ.
Thus, ρ must be a permutation in the dihedral group Dm of order 2m. Indeed, if ρ(1) = k
and ρ(2) = ρ(1) + 1, then ρ(i) = k + i − 1 (mod m), and ρ = σ k−1; on the other hand,
if ρ(1) = k and ρ(2) = ρ(1) − 1, then ρ(i) = k − i + 1 (mod m), and ρ = σ k−1τ . 
Lemma 3.3. For φ ∈ Aut(F2mq , wCR), we let
φ(em+i ) = a′i em+ρ(i) + bi eρ(i) + b′i eρ(i)+1, for i = 1, . . . , m,
φ(ei ) = ai eµ(i), for i = 1, . . . , m,
where ρ ∈ Dm, µ ∈ Sm , a′i , ai ∈ F×q , and bi , b′i ∈ Fq . Then,
µ =
{
σ k, if ρ = σ k,
σ k+1τ, if ρ = σ kτ.
Proof. We observe that
φ(em+i + ei ) = φ(em+i ) + φ(ei )
= a′i em+ρ(i) + bi eρ(i) + b′i eρ(i)+1 + ai eµ(i).
Since wCR(em+i + ei ) = 3, µ(i) ∈ {ρ(i), ρ(i) + 1}. Also,
φ(em+(i−1) + ei ) = φ(em+(i−1)) + φ(ei )
= a′i−1em+ρ(i−1) + bi−1eρ(i−1) + b′i−1eρ(i−1)+1 + ai eµ(i).
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Since wCR(em+(i−1) + ei ) = 3, µ(i) ∈ {ρ(i − 1), ρ(i − 1) + 1}. Thus we have
µ(i) ∈ {ρ(i), ρ(i) + 1} ∩ {ρ(i − 1), ρ(i − 1) + 1}.
First, if ρ = σ k ∈ Dm , then ρ(i) + 1 = σ k+1(i) and ρ(i − 1) = σ k−1(i). So
µ(i) ∈ {σ k(i), σ k+1(i)} ∩ {σ k−1(i), σ k(i)}
= σ k(i).
Next, if ρ = σ kτ ∈ Dm , then ρ(i) + 1 = σ k+1τ (i) and ρ(i − 1) = σ k+1τ (i). So
µ(i) ∈ {σ kτ (i), σ k+1τ (i)} ∩ {σ k+2τ (i), σ k+1τ (i)}
= σ k+1τ (i). 
Remark 3.4. Let φ ∈ Aut(F2mq , wCR). Then, in view of Lemma 3.3, the values φ(ei ) (i =
1, . . . , 2m) are given by either (a) or (b) of the following:
(a) φ(ei ) = aieσ k(i) (i = 1, . . . , m),
φ(em+i ) = a′i em+σ k(i) + aibi eσ k(i) + ai+1b′i eσ k(i)+1 (i = 1, . . . , m),
for a unique k ∈ {0, 1, . . . , m − 1}, (a1, . . . , am, a′1, . . . , a′m) ∈ (F×q )2m , and
(b1, . . . , bm, b′1, . . . , b′m) ∈ F2mq .
(b) φ(ei ) = aieσ k+1τ (i) (i = 1, . . . , m),
φ(em+i ) = a′i em+σ kτ (i) + ai+1b′i eσ kτ (i) + ai bi eσ kτ (i)+1 (i = 1, . . . , m),
for a unique k ∈ {0, 1, . . . , m − 1}, (a1, . . . , am, a′1, . . . , a′m) ∈ (F×q )2m , and
(b1, . . . , bm, b′1, . . . , b′m) ∈ F2mq .
For any m × m matrix X over a field, ρ ∈ Sm , let ρX (resp. Xρ ) denote the
matrix obtained from X by permuting the rows (resp. columns) of X according to ρ. Let
X1, . . . , Xm (resp. X1, . . . , Xm ) be the rows (resp. columns) of X . Then
ρX =


Xρ−1(1)
...
Xρ−1(m)

 and Xρ =
[
Xρ
−1(1) · · · Xρ−1(m)
]
.
Then we have the following lemma whose proofs are elementary.
Lemma 3.5. Let X, Y be m ×m matrices over a field, σ , τ the generators of Dm as before,
and let ρ,µ ∈ Sm. Then, with 1 = 1m, we have the following.
(a) ρX = ρ1X, Xρ = X1ρ .
(b) µ( ρX) = µρX, (Xρ)µ = Xµρ .
(c) ρ11ρ = 1, ( ρ1)−1 = 1ρ = ρ−11, (1ρ)−1 = ρ1 = 1ρ−1 .
(d) If X is invertible, then so are ρX and Xρ . In fact,
ρX (X−1)ρ = (X−1) ρρX = 1,
and
ρ(X−1)Xρ = Xρρ(X−1) = 1.
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(e) ρX µY = ρµ(XµY ), where Xµ = µ−11X1µ−1 .
Here, for X = diag{x1, . . . , xm},
Xµ = diag{xµ(1), . . . , xµ(m)},
and
(Xµ)ρ = Xµρ.
(f) For
X = [x1, . . . , xm : x ′1, . . . , x ′m]
:=


x1 x
′
m
x ′1 x2
x ′2 x3
x ′3
. . .
. . . xm−1
x ′m−1 xm


, (3.1)
Xσ k =
[
xσ k(1), . . . , xσ k(m) : x ′σ k(1), . . . , x ′σ k(m)
]
,
and
σ kτ X := (σ
k+1τ )−11X1(σ
kτ )−1
=
[
x ′
σ kτ (1), . . . , x
′
σ kτ (m) : xσ kτ (1), . . . , xσ kτ (m)
]
.
Proof. We only provide a proof for (e) and (f).
ρX µY = ρ1 µ11µX µ1Y
= ρµ1( µ−11X1µ−1)Y
= ρµ1XµY
= ρµ(XµY ).
The rest of the proof for (e) and (f) follows from the simple observation that the (i, j) entry
of ρ−11X1µ−1 is xρ(i)µ( j ), for X = (xi j ). 
We write the elements in (F×q )2m and F2mq respectively as
(a, a′) = (a1, . . . , am, a′1, . . . , a′m),
(b, b′) = (b1, . . . , bm, b′1, . . . , b′m).
Theorem 3.6. For k ∈ {0, 1, . . . , m − 1}, (a, a′) = (a1, . . . , am, a′1, . . . , a′m) ∈ (F×q )2m,
(b, b′) = (b1, . . . , bm, b′1, . . . , b′m) ∈ F2mq , let U(b,b′), Lσ k ,(a,a′), Lσ kτ,(a,a′) ∈ GL2m(Fq)
be respectively given by
(3.2)
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(B = [b1, . . . , bm : b′1, . . . , b′m ]), (3.3)
(A = diag{a1, . . . , am}, A′ = diag{a′1, . . . , a′m}),
and
(with A, A′ as in the above).
Then, expressed in terms of matrices relative to the standard basis B = {e1, . . . , e2m}
of F2mq ,
Aut(F2mq , wCR) = {Lρ,(a,a′)U(b,b′) | ρ ∈ Dm , (a, a′) ∈ (F×q )2m, (b, b′) ∈ F2mq }.
Proof. Expressed in terms of matrices relative to the standard basis of F2mq , we see
that the linear automorphisms in (a) and (b) of Remark 3.4 are respectively given by
Lσ k ,(a,a′)U(b,b′) and Lσ kτ,(a,a′)U(b,b′). So we only need to show v → v t Lρ,(a,a′) and
v → v tU
(b,b′) (ρ ∈ Dm , (a, a′) ∈ (F×q )2m, (b, b′) ∈ F2mq ) indeed preserve the CR-weight
wCR. Here t M is the transpose of M .
All of these can be checked by using the expression of wCR(v) in (b) of Proposition 2.1.
As an example, we will show CR-weight preservation for v → v tU (b,b′), while leaving the
other to you. From (3.1)–(3.3), we see that
v tU (b,b′) = (v1 + b1vm+1 + b′mv2m, v2 + b′1vm+1 + b2vm+2, . . . ,
v j + b′j−1vm+ j−1 + b jvm+ j , . . . , vm + b′m−1v2m−1 + bmv2m,
vm+1, . . . , v2m).
Note that
δ(v1 + b1vm+1 + b′mv2m)δ(vm+1)δ(v2m)
= δ(v1)δ(vm+1)δ(v2m)
=
{
0, if vm+1 = 0 or v2m = 0,
δ(v1), if vm+1 = v2m = 0,
and
δ(v j + b′j−1vm+ j−1 + b jvm+ j )δ(vm+ j−1)δ(vm+ j )
= δ(v j )δ(vm+ j−1)δ(vm+ j )
=
{
0, if vm+ j−1 = 0 or vm+ j = 0,
δ(v j ), if vm+ j−1 = vm+ j = 0,
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for j = 2, . . . , m. So
wCR
(
v tU(b,b′)
)
=
m∑
j=1
(
1 − δ(vm+ j )
)
+ (1 − δ(v1 + b1vm+1 + b′mv2m)δ(vm+1)δ(v2m))
+
m∑
j=2
(
1 − δ(v j + b′j−1vm+ j−1 + b jvm+ j )δ(vm+ j−1)δ(vm+ j )
)
=
m∑
j=1
(
1 − δ(vm+ j )
)+ (1 − δ(v1)δ(vm+1)δ(v2m))
+
m∑
j=2
(
1 − δ(v j )δ(vm+ j−1)δ(vm+ j )
)
= wCR(v). 
4. Group structure of Aut(F2mq ,wCR)
Here we prove Theorem 4.1 which determines the structure of the group
Aut(F2mq , wCR).
Let c = (c1, . . . , cm), d = (d1, . . . , dm) ∈ Fmq , µ, ρ ∈ Sm . We define cµ as
cµ = (cµ(1), . . . , cµ(m)).
Then
(cµ)ρ = cµρ.
Also, cd is defined as
cd = (c1d1, . . . , cmdm),
and, for e = (e1, . . . , em) ∈ (F×q )m ,
e−1 = (e−11 , . . . , e−1m ).
Theorem 4.1. The map
Λ : Aut(F2mq , wCR) → [Dm θ (F×q )2m] π F2mq
given by
Lρ,(a,a′)U(b,b′) → (ρ, (a, a′), (b, b′))
is an isomorphism.
Here the homomorphism θ : Dm → Aut
(
(F×q )2m
)
is given by
σ k →
(
(a, a′) → (a, a′)θ(σ k) = (aσ k , a′σ k )
)
,
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σ lτ →
(
(a, a′) → (a, a′)θ(σ lτ ) = (aσ l+1τ , a′σ lτ )
)
,
for k, l ∈ {0, 1, . . . , m − 1}, and the homomorphism
π : Dm θ (F×q )2m → Aut(F2mq )
is given by(
σ k, (a, a′)
)
→
(
(b, b′) → (b, b′)π(σ k, (a, a′)) = (a−1bσ k a′, a−1σ b′σ k a′)
)
,(
σ lτ, (a, a′)
)
→
(
(b, b′) → (b, b′)π(σ lτ, (a, a′)) = (a−1b′
σ lτ a
′, a−1σ bσ lτ a′)
)
,
for k, l ∈ {0, 1, . . . , m − 1}.
Proof. We only need to show that Λ is a homomorphism, as it is then clearly injective and,
by Theorem 3.6,
|Aut(F2mq , wP )| =
∣∣∣[Dm θ (F×q )2m
]
π F
2m
q
∣∣∣
= 2m(q − 1)2mq2m.
Invoking Lemma 3.5, especially (e) and (f), direct matrix multiplications show that
Lσ l ,(α,α′)U(β,β ′)Lσ k ,(a,a′)U(b,b′)
= Lσ l+k ,(α
σk a,α
′
σk
a′)U(a−1β
σk a
′+b,a−1σ β ′
σk
a′+b′),
Lσ lτ,(α,α′)U(β,β ′)Lσ k ,(a,a′)U(b,b′)
= Lσ l−k τ,(α
σk a,α
′
σk
a′)U(a−1β
σk a
′+b,a−1σ β ′
σk
a′+b′),
Lσ l ,(α,α′)U(β,β ′)Lσ kτ,(a,a′)U(b,b′)
= Lσ l+k τ,(α
σk+1τ a,α
′
σkτ
a′)U(a−1β ′
σk τ
a′+b,a−1σ βσk τ a′+b′),
and
Lσ lτ,(α,α′)U(β,β ′)Lσ kτ,(a,a′)U(b,b′) = Lσ l−k ,(α
σk+1τ a,α
′
σkτ
a′)U(a−1β ′
σkτ
a′+b,a−1σ βσk τ a′+b′).
This means that, in order for Λ to be a homomorphism, the following must hold in
[Dm θ (F×q )2m] π F2mq :(
σ l , (α, α′), (β, β ′)
) (
σ k, (a, a′), (b, b′)
)
=
(
σ l+k , (ασ k a, α′σ k a
′), (a−1βσ k a′ + b, a−1σ β ′σ k a′ + b′)
)
=
(
σ lσ k, (α, α′)θ(σ k)(a, a′), (β, β ′)π(σ k, (a, a′)) + (b, b′)
)
,(
σ lτ, (α, α′), (β, β ′)
) (
σ k, (a, a′), (b, b′)
)
=
(
σ l−kτ, (ασ k a, α′σ k a
′), (a−1βσ k a′ + b, a−1σ β ′σ k a′ + b′)
)
=
(
σ lτσ k, (α, α′)θ(σ k)(a, a′), (β, β ′)π(σ k, (a, a′)) + (b, b′)
)
,
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(
σ l , (α, α′), (β, β ′)
) (
σ kτ, (a, a′), (b, b′)
)
=
(
σ l+kτ, (ασ k+1τ a, α′σ kτ a
′), (a−1β ′
σ kτ a
′ + b, a−1σ βσ kτ a′ + b′)
)
=
(
σ lσ kτ, (α, α′)θ(σ kτ )(a, a′), (β, β ′)π(σ kτ, (a, a′)) + (b, b′)
)
,
and (
σ lτ, (α, α′), (β, β ′)
) (
σ kτ, (a, a′), (b, b′)
)
=
(
σ l−k , (ασ k+1τ a, α′σ kτ a
′), (a−1β ′
σ kτ a
′ + b, a−1σ βσ kτ a′ + b′)
)
=
(
σ lτσ kτ, (α, α′)θ(σ kτ )(a, a′), (β, β ′)π(σ kτ, (a, a′)) + (b, b′)
)
.
Now, we realize that these are nothing but the law of composition in
[Dm θ (F×q )2m] π F2mq .
Finally, one must check that θ and π are indeed homomorphisms. This can easily be
done by considering four different cases each, as we did above in showing that Λ is a
homomorphism. 
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